A crude odds ratio can differ from stratum-specific odds ratios conducted for controlling a potential confounder. In this paper, a contour method is proposed to prove conservative tendency of the crude odds ratio when the risk factor is independent of the exposure and the two stratum-specific odds ratios are common. The argument is also referred in the case when the risk factor is dependent on the exposure.
Introduction
In the field of epidemiology, stratification analysis for contingency tables is used to control a potential confounding factor. Simpson (1951) first illustrated noncollapsibility of the stratified odds ratios, which is called Simpson's paradox. Whittemore (1978) defined collapsibility on pooling contingency tables and Ducharme and Lepage (1986) showed the necessary and sufficient condition for contingency tables to be collapsible for odds ratios. Arguments about a difference of estimates for a partial coefficient of treatment effect and its variance deflation by omitting covariates in logistic regression models were found in Gail et al. (1984) , Gail (1986 Gail ( , 1988 and Gail et al. (1988) . They focused on imposing conditions not to cause the difference mentioned above. Yanagawa (1984) assessed the effect of a stratifying factor by giving upper or lower bounds for stratum-specific odds ratios.
On the other hand, a curious fact that the crude odds ratio can differ from the stratum-specific odds ratios under no confounding circumstances is known as noncollapsibility of the odds ratio. Miettinen and Cook (1981) first pointed out this phenomenon in a numerical example of a follow-up study among exposed and unexposed individuals with identical distribution by gender half and half. The number of diseased (resp. nondiseased) individuals was 104 (resp. 96) for exposed and 96 (resp. 104) for unexposed. They led to the crude odds ratio of 1.2. According to the above condition, there can be no confounding by gender because gender is not associated with exposure. On the other hand, when the data is stratified by gender, the number of diseased (resp. nondiseased) male individuals was 99 (resp. 1) for exposed and 95 (resp. 5) for unexposed, and the number of diseased (resp. nondiseased) female individuals was 5 (resp. 95) for exposed and 1 (resp. 99) for unexposed, each of two odds ratios for both strata was equally 
5.2. This implies that the control of gender changes the value of the association despite gender should not be associated with exposure. It implies that the odds ratio is not collapsible even though the gender is not a confounder. The concept of confounding and noncollapsibility are distinct and these concepts must be distinguished clearly. Consider a follow-up study for an exposure E and a disease D, and let observations be stratified by a factor F . According to Rothman and Greenland (1998) and Greenland, Robins and Pearl (1999) , the factor F is said to be a confounding factor or a confounder when F is effective to D, and the distribution of F in the exposed is different from that in the unexposed. It is shown in Greenberg et al. (1996) that F becomes a confounder under Conditions (C.1) and (C.2):
(C.1) F must be a risk factor for D amongĒ:
On the other hand, the odds ratio is said to be collapsible if the crude odds ratio equals both stratum-specific odds ratios in the sense of Bishop et al. (1977) , Whittemore (1978) and Greenland et al. (1999) . As is noted in Whittemore (1978) , Yanagawa (1981) , Gail (1986) , Wickramaratne and Holford (1987) and Robinson and Jewell (1991) , the odds ratio is collapsible if either Condition (C.3) or Condition (C.4) holds: (C.3) F and D are conditionally independent given E and givenĒ. (C.4) F and E are conditionally independent given D and givenD. Within each stratum, suppose that the total number of individuals exposed and unexposed is n i and m i , respectively, and the number of individuals who have the disease of exposed and unexposed is x i and y i , where i = 1, 2. Then, a 2 × 2 × 2 contingency table is constructed as Table 1. If  we ignore the risk factor F , the contingency table is unified to the 2 × 2  contingency table as Table 2 .
We define stratum-specific odds ratios OR i , i = 1, 2 for subtables in Table 1 and a crude odds ratio OR c for Table 2 by
Without loss of generality, we assume 0 Throughout this paper, we do not distinguish the sample-wise argument of OR 1 , OR 2 and OR c from the parameter-wise one since they can be argued in the same way, and so this paper does not treat the precision of estimators. For the sake of simplicity, we introduce the following notations:
Note that the proportion α (resp. β) corresponds to the conditional probability P (F | E) (resp. P (F |Ē)) and that the relative frequency p c (resp. q c ) corresponds to the conditional probability P (D | E) (resp. P (D |Ē)). Further , p 1 and p 2 (resp. q 1 and q 2 ) correspond to the conditional probability 
Hereafter we suppose that Condition (C.1), that is q 1 = q 2 , holds since no risk factor F has no meaning for the following discussion. Then F becomes a confounder if and only if Condition (C.2), that is the inequality α = β, holds. If the risk factor F is not a confounder, the equality α = β holds.
In Section 2, we discuss conservative tendency of the crude odds ratio when the risk factor F is not a confounder. In Section 3, we discuss the same subject when the risk factor F is a confounder. Numerical examples of conservative tendency of OR c are illustrated in Section 4.
Conservative tendency of the crude odds ratio without confounding
In this section, we investigate collapsibility and conservative tendency of the crude odds ratio when the risk factor F is not a confounder. A contour method enables the argument of our investigation easier. To illustrate this method, we consider a function f (p, q) on (0, 1) 2 and a contour C(t) (t > 0) defined by Figure 1 provides shapes of C(t) for t = 1/16, 1/4, 1, 4 and 16. To see how the shape changes as t varies from zero to infinity, we consider a function
Then we may represent
We prepare some properties about c(p, t) in the following lemmas.
Lemma 1. (i) For fixed t > 0, c(p, t) is a strictly increasing and continuous function with respect to p. (ii) For fixed p ∈ (0, 1), c(p, t) is a strictly decreasing and continuous function with respect to
2 . From lim t→0 c(p, t) = 1, lim t→∞ c(p, t) = 0 and part (ii) in Lemma 1, it follows that there exists a unique v > 0 with q = c (p , v) . (p, t ) . This and part (ii) in Lemma 1 imply t = t , which is a contradiction. This proves part (iii). 
Lemma 2. (i) For fixed t ∈ (0, 1), c(p, t) is a strictly concave function with respect to
p.
is a strictly convex function with respect to p.
Thus c pp (p, t) < 0, which yields part (i). The proof of part (iii) can be carried out in a similar way to above.
The two lemmas as noted above imply that the larger value of p or the smaller value of t shows the higher contour. With this in mind, it is easy for us to evaluate the value of the crude odds ratio OR c for the following four cases:
Firstly, we give conservative tendency of OR c for the case OR 1 = OR 2 . Geometrically, OR 1 and OR 2 share the same contour and the point (p(α), q(α)) is on the segment with the ends (p 1 , q 1 ) and (p 2 , q 2 ). Theorem 1. In a follow-up study for an exposure and a disease, suppose that there exists a nonconfounding risk factor . Let OR i be a stratumspecific odds ratio by the risk factor , i = 1, 2, and OR c be a crude odds ratio ignoring the risk factor . If 0 < OR 1 = OR 2 , then:
Proof. Part (ii) is trivial and we prove part (i). Put t 1 = OR 1 = OR 2 < 1. Since Condition (C.1) holds but Condition (C.2) does not, we obtain q 1 = q 2 and (p c , q c ) = (p(α), q(α)), respectively. We show that the height of the point (p(α), q(α)) is higher than the height of the point (p 1 , q 1 ), or (p 2 , q 2 ), and is lower than 1. It holds that (p 1 , q 1 ) ∈ C(t 1 ) and (p 2 , q 2 ) ∈ C(t 1 ), that is, q 1 = c(p 1 , t 1 ) and q 2 = c(p 2 , t 1 ). From 0 < t 1 < 1 and part (i) of Lemma 2, it follows that the function c(p, t 1 ) is the strictly concave function on (0, 1) with respect to p. Thus c(p(α) Figure 2) . Therefore f (p(α), q(α)) = t > t 1 . Similarly, we can show f (p(α), q(α)) < 1, which establishes part (i). Part (iii) can be proved in the same manner as in the proof of part (i).
Secondly, we give an evaluation of OR c for the case 0 < OR 1 < 1 < OR 2 . This case implies that one stratum-specific odds ratio has the lower contour than the null contour i.e. C(1), whereas another has the higher.
Theorem 2. In a follow-up study for an exposure and a disease, suppose that there exists a nonconfounding risk factor . Let OR i be a stratumspecific odds ratio by the risk factor , i = 1, 2, and OR c be a crude odds ratio ignoring the risk factor
Proof. Put t 1 = OR 1 and t 2 = OR 2 . From (p i , q i ) ∈ C(t i ) (i = 1, 2) and 0 < t 1 < 1 < t 2 , we see that 0 < p 1 < q 1 < 1 and 0 < q 2 < p 2 < 1 by part (iii) in Lemma 1. Since Condition (C.2) does not hold, (p(α), q(α)) ∈ (0, 1) 2 for any α ∈ (0, 1). By part (ii) in Lemma 1, we see that 0 < c(p(α), t 2 ) < p(α) < c(p(α), t 1 ) < 1. It is easily verified thatp is the xcoordinate of the point of intersection of the line q = p and the line through points (p 1 , q 1 ) and (p 2 , q 2 ), and thatp = p(α) =αp 1 + (1 −α)p 2 . With easy calculation, we can derive q(α) = p(α) =p. Hence part (ii) is proved. In order to prove part (i), letα < α < 1. Then the point (p(α), q(α)) can be written as a convex combination of (p 1 , q 1 ) and (p(α), q(α)) = (p,p). Since
we have p(α) < q(α). This implies c(p(α), 1) < q(α). To prove q(α) < c(p(α)
, t 1 ), define l 1 (p) and l 2 (p) by
we see q(α) < c(p(α), t 1 ). Therefore c(p(α), 1) < q(α) < c(p(α), t 1 ). By part (ii) in Lemma 2, there exists t ∈ (t 1 , 1) with q(α) = c(p(α), t ). This proves part (i). Part (iii) can be proved in the same manner as in the proof of part (i).
Theorem 2 implies that when one stratum has the positive association and another has the negative association under no confounding, the crude odds ratio is between the two stratum-specific odds ratios i.e. OR 1 < OR c < OR 2 . In this case, though the crude odds ratio can show either the positive or the negative association, these associations can be branched by a specific valueα.
Thirdly, we give an evaluation of OR c for the case 0 < OR 1 < OR 2 < 1 and 1 < OR 1 < OR 2 as Theorem 3 and Theorem 4, respectively. These theorems should be applied when exposure-disease relationship shows the similar association under both strata. Note that the proof of Theorem 4 is omitted since it can be given in the same manner as in Theorem 3.
Theorem 3. In a follow-up study for an exposure and a disease, suppose that there exists a nonconfounding risk factor . Let OR i be a stratumspecific odds ratio by the risk factor , i = 1, 2, and OR c be a crude odds ratio ignoring the risk factor . If 0 < OR 1 < OR 2 < 1 and we defineα by 0 if
Proof. Let q = l(p) be the equation of the tangent line at (p 2 , q 2 ) on C(t 2 ). Then
If q 1 ≥ l(p 1 ), then t 1 < OR c < t 2 . Suppose q 1 < l(p 1 ). The equation of the line through points (p 1 , q 1 ) and (p 2 , q 2 ) is q − q 2 = s(p − p 2 ), where s = (q 1 − q 2 )/(p 1 − p 2 ). Note that p 1 = p 2 and p < s(p − p 2 ) + q 2 on (0, 1). We now find the point of intersection of this line and the curve q = c(p, t 2 ). The x-coordinate of this point of intersection is a root of the following quadratic equation in p:
One of the roots of this equation is p = p 2 . Letp be the root which is differing from p 2 . Then
by the relationship of roots and coefficients of the quadratic equation. Thus
On the other hand, since
Letα be a solution of the equation p(α) =p. Theñ
Note thatα ∈ (0, 1) if and only if (q 1 − q 2 )(t 2 − p 2 t 2 + p 2 ) 2 < t 2 (p 1 − q 2 ). By the definition ofp, part (iii) holds. By part (ii) in Lemma 1 and part (i) in Lemma 2, we can derive that
and establish part (iv). The inequalities c(p(α), t 2 ) < q(α) < c(p(α)
, t 1 ) imply OR 1 < OR c < OR 2 and establish part (ii). This completes the proof.
Theorem 4. In a follow-up study for an exposure and a disease, suppose that there exists a nonconfounding risk factor . Let OR i be a stratumspecific odds ratio by the risk factor , i = 1, 2, and OR c be a crude odds ratio ignoring the risk factor . If 1 < OR 1 < OR 2 and we defineα by 1 if
Both Theorem 3 and Theorem 4 have four parts and conservative tendency corresponds to part (iv) in Theorem 3 and part (ii) in Theorem 4. The numberα means the bound which determines whether conservative tendency shows or not unlessα equals to 0 or 1. Thus it can be seen that (p(α), q(α)) ∈ C(OR 2 ) if 0 < OR 1 < OR 2 < 1 and that (p(α), q(α)) ∈ C(OR 1 ) if 1 < OR 1 < OR 2 , which establishes part (iii) in Theorem 3 and Theorem 4, respectively. If 0 <α < α < 1, the point (p(α), q(α)) approaches the point (p 1 , q 1 ), which implies that the crude odds ratio approaches OR 1 . Thus, this implies the establishment of part (ii) in Theorem 3 and part (ii) in Theorem 4 which shows conservative tendency. The discussion in 0 < α <α can be made in the similar manner. The equations α = 0 andα = 1 are arisen when the segment with the ends of (p 1 , q 1 ) and (p 2 , q 2 ) does not have the height of OR 1 or OR 2 . This segment increases or decreases monotonically.
Properties of the crude odds ratio with confounding
In this section, we consider the relations among OR 1 , OR 2 and OR c under confounding cases. If there is confounding, the distribution of the risk factor F in the exposed is different from that in the unexposed. Here, we impose Condition (C.2) of the confounding condition. This implies α = β and so p(α) = αp 1 +(1−α)p 2 and q(β) = βq 1 +(1−β)q 2 for (α, β) ∈ (0, 1)
2 . Thus, a point (p(α), q(β)) belongs to the interior of the rectangle with (p 1 , q 1 ) and (p 2 , q 2 ) as the diagonal vertices (See Figure 3) . For simplicity, we now define q i (α) = c(p(α), t i ), i = 1, 2. Note that q 2 (α) < q 1 (α). Then a general theorem about the relation of OR c and OR i , i = 1, 2 in the confounding case holds as follows.
Theorem 5. In a follow-up study for an exposure and a disease, suppose that there exists a confounding risk factor . Let OR i be a stratum-specific odds ratio by the risk factor , i = 1, 2, and OR c be a crude odds ratio ignoring the risk factor . If 0 < OR 1 ≤ OR 2 , then:
Proof. Since c(p, t) is a strictly decreasing function with respect to t, if we assume q 1 (α) < q(β), there exists t ∈ (0, t 1 ) such that q(β) = c(p(α), t ). This establishes part (i). If q(β) = q 1 (α), then q(β) = c(p(α), t 1 ), which is equivalent to t 1 = f (p(α), q(β)). Thus part (ii) is derived. To prove part (iii), we assume q 2 (α) < q(β) < q 1 (α). Similarly to part (i), since c(p, t) is a strictly decreasing function with respect to t, there exists t ∈ (t 1 , t 2 ) such that q(β) = c(p(α), t ). Parts (iv) and (v) can be proved in a similar way to parts (ii) and (i) respectively.
The crude odds ratio takes one of five parts in Theorem 5 and some parts cannot be held by a certain condition. Three arguments can be made in the condition of (i) p 1 > p 2 , (ii) q 1 < q 2 or (iii) p 1 ≤ p 2 and q 1 ≥ q 2 , respectively.
Suppose p 1 > p 2 . Note that if p 1 > p 2 , then q 1 > q 2 by the property of the contour C(t). We consider the relationship of α and β by investigating the value of q(β) for a fixed p = p(α). Letβ(α, t) be a root of the equation q(β) = c(p(α), t) with respect to β. Thus,β(α, t) equals to [{(p 1 − p 2 )α + Finally, consider the situation of the common stratum-specific odds ratio, that is, OR 1 = OR 2 . Then, the points (p 1 , q 1 ) and (p 2 , q 2 ) share the same contour and possible conclusions are (i) OR c < OR 1 = OR 2 , (ii) OR 1 = OR c = OR 2 and (iii) OR 1 = OR 2 < OR c . We note a summary of these conclusions as a corollary of Theorem 6. Part (b) of both parts (i) and (ii) in the corollary implies that a crude odds ratio can be collapsed even though a stratifying factor is a confounder.
Corollary. In a follow-up study for an exposure and a disease, suppose that there exists a confounding risk factor . Let OR i be a stratumspecific odds ratio by the risk factor , i = 1, 2, and OR c be a crude odds ratio ignoring the risk factor . We assume 0 < OR 1 = OR 2 , and definê 
Numerical examples
In this section, we yield some numerical examples for the theorems mentioned in the previous sections. Table 3 provides six examples which illustrate each of the theorems.
The example (i) is cited from Miettinen and Cook (1981) . This example shows that the crude odds ratio has conservative tendency when two stratum-specific odds ratios are common and a risk factor F is not a confounder. This example is fitted by setting (p 1 , q 1 ) = (0.99, 0.95), (p 2 , q 2 ) = (0.05, 0.01), OR 1 = OR 2 = 5.2 and α = 0.5, and part (iii) of Theorem 1 can be applied. Miettinen and Cook introduced this as an example of noncollapsibility of the odds ratio in the no confounding case, as mentioned in Section 1. Our mathematical analysis ensures their assertion.
The example (ii) is cited from Whittemore (1978) . This example shows that the crude odds ratio lies between two stratum-specific odds ratios when two stratum-specific odds ratios are not common and a risk factor F is not a confounder. This result can be obtained by setting (p 1 , q 1 ) = (0.333, 0.667), (p 2 , q 2 ) = (0.667, 0.333), (OR 1 , OR 2 ) = (0.25, 4) and α = 0.5. Sinceα = 0.5, part (ii) of Theorem 2 ensures OR c = 1.
The examples (iii) and (iv) are both cited from Rothman and Greenland (1998) and correspond to illustrations of part (i) and (ii) in Theorem 4 respectively. For the example (iii), the relationship of OR c and OR i , i = 1, 2 is OR 1 < OR c < OR 2 sinceα = 1. The example (iv) implies 1 < OR c < OR 1 < OR 2 since α = 0.5 is larger thanα = 0.021.
The result for Theorem 5, or 6 can branch into all types of the relationship between (p(α), q(β)) and (p i , q i ), i = 1, 2 so that examples for these theorems are omitted. Two examples for Corollary are noticed as the examples (v) and (vi). The example (v), which is from Whittemore (1978) , satisfies OR c < OR 1 = OR 2 since p 1 > p 2 and β = 0.55 is smaller than β(0.7, 4) = 0.71 and so part (a) of part (i) of Corollary can be applied. The example (vi), which is cited from Gart (1962) , satisfies OR 1 = OR 2 < OR c since q 1 < q 2 and α = 0.063 is smaller thanα(0.417, 1) = 0.417 and so part (c) of part (ii) of Corollary can be applied.
